MATHS X¢ra

Unit 24

Addition of waves,
periodic motion and modelling

Objectives
On completion of this unit you should understand:

The frequency of sine and cosine functions.
The shapes of the sin? x and cos? x curves.

1.

2.

3.  The amplitude, period, frequency and phase angle of waveforms.
4.  The resultant formula for the addition of two sine waveforms.
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Amplitude
Below we have one complete cycle of the graph of sin x, which you have seen
before. A complete cycle is the section of the waveform, which shows its
complete shape. You should be able to see from the graph that the maximum
value of sin x is +1 and the minimum value is -1. The amplitude of the curve

is 1 umit.

We can use a calculator and obtain the curves for sin 2x, sin */,, and 2sin x for
values of x from 0° to 360°. These are shown below.
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Try this exercise.

Exercise A
Draw the curves for cos x, cos 2x, and cos ¥/, from 0° to 360°. Write the

number of cycles and the amplitude in each case.

Check your answers with those at the end of the unit, then study this
example.

Example 1
Draw the graph for sin2 x for values of x from 0° to 360°.

Taking values from a calculator, we obtain the following table.

x 0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330° 360°
sin® x 0 025 075 1 075 025 0 025 075 1 075 025 0

The graph shown below is never negative.

sin? x
A

1

0 X

-1 4

Try this exercise.

Exercise B
Make a table of values from 0° to 360° as shown in Example 1. Use it to
draw the graph for cos? x for values of x from 0° to 360°.

Check your table of values with the one given at the end of the unit.
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Angular and time scales
In the diagram below, the circle, centre O, has a radius R. P is a point on the
circumference of the circle.
If OP rotates at a uniform angular velocity o radians per second in an
anticlockwise direction, then,

angle turned through = angular velocity x time taken
so, after r seconds,

angle turned through = o radians.

From the triangle OPQ,
sin POQ = PQ
OP
80, PQ = OPsin POQ
PQ = Rsin ax.

AsProtawsthelengthofPQismeasuredatevcrypointaromdthecircleand
agraphcanbedrawntosbowhowPva'ieswiththeangle ox. The length
ofPQisplottedmthevaticalastandtheangle ax is plotted on the
horizontal axis.

The sine wave representing Rsin ax is obtained. You should note from the
graphdnttheamplimdeofthegaphisthevaluek

R sin ax
A
‘P R
AN
R
Angle POQ = ax
R sin ot

. -

G

'R'r--r -

w

Angle POQ = a¢ = %;

0nccompletecycleiscompletedwhﬂstthcmdius0?tnnsﬁmugh360°a
2= radians.
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Time period and frequency
The time period is the time taken, in seconds, for one complete cycle.

Time taken = angle turned through

angular velocity
SO,
time period = 2z seconds.
@
The frequency is the number of cycles per second and is measured in hertz
(Hz).
. One cycle takes 2x seconds, so in one second there are @ cycles.
(] 2n
Frequency = @ hertz.
2T
From this it can be seen that,
frequency = 1
time period
and, time period = 1 ;
frequency
Study this example.
Example 2

Using the information above, find the time period for the graphs of sin ¢,
sin 2¢ and sin ‘lz.

From the previous page, the graph of Rsin ax completed one compete cycle in
27 radians.
Time = angular displacement + angular velocity
For one complete cycle the angular displacement is 2z and the angular
velocity is @,
S0, the time period = 2z seconds.
o

Using the same logic,

the time period for sin 7 is 2% + 1 = 2% or 6.28 seconds,

the time period for sin 21 is 2% + 2 = x or 3.14 seconds,

the time period for sin %, is 2x + 1/, = 4= or 12.56 seconds.

Try this exercise, then check your answers with those at the end of the unit.

Exercise C
Calculate the time period for each of the following.
1. sin4t 2. sin5t 3. sin#, 4. sinty
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Phase angle
The diagram below shows two sine waves. They are identical, but they are

displaced from each other by the angle a. a is known as the phase difference
or phase angle. OP and OS are known as phasors. In the diagram, OP lags
behind OS by angle a. Both curves have the same amplitude, so that R is the
same for each.

y,-Rsinax
¥2 = Rsin (ax - a)

(g —=
o

If, OP = OS = R,

and

angle SOQ = ax angle SOP = o
then,

angle POQ = (ax - a).

On the diagram, the curve for the phasor OS is y; and that for the phasor OP
is y,. We can see from the circle on the left that,

y; =Rsin ax and ¥, = Rsin (ax - ).

Note that the graph of Rsin (ax - @) is displaced to the right of the graph of
Rsin ax by the angle a.

Similarly the graph of Rsin (ax + ) would be displaced to the left of Rsin ax
by the angle . You should remember this fact from the Trig Graphs unit.

A graph of Rsin (@t + %;) would lead the graph of Rsin ax by %,.
Similarly a graph of Rsin (e - %) would lag behind the graph of Rsin ax by

%/s.

Study the example on the next page.
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Example 3

Given that an instantaneous current is given by #; = 5 sin (37 + 7/3),
a) state the amplitude,
b) find the time period and phase angle,

¢) find the frequency,
c) state whether this curve lags or leads that of i = 5 sin 37.

a) The amplitude is Samps.

b) The time periodis 2=z = 2.09 seconds.
3
The phase angle is */; radians.

c) The frequency= __1 _
period
= 3 = 0.477 Hz. to three significant figures.
2n

d) The curve leads that of iy,

Try this exercise.

Exercise D

For each of the following currents i;, state.

a) the amplitude,

b) the period,

c) the frequency and

d) the phase angle, stating whether i, is leading or lagging i,.
Give answers correct to two decimal places, where appropriate.

1. i, =6 sin (4 - %) ip = 6 sindt
2. iy =15 sin (0.5¢ + %) iy =15 5in0.5¢
3. iy=13 sin (2nt- %) iy =1.3 sin2nt
4, iy=0.8 sin (5xt+ %) ip = 0.8 sinSmt
5. iy=25sin (2t-0.15) i = 25 sin2t

Check your answers with those given at the end of this unit.
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Combination of sine waves

Study these examples.
Example 4
Two sine waves, 1) and i, are given below.
iy =4sin 6 and i; = 4sin (6+ 45°)

Find the resultant waveform i,.

We can do this algebraically by adding i, and i, as follows,
iy = 4sin @ + 4sin (6+45°)
We use the double angle formula to expand i,,
sin(A + B) = sinAcosB + cosAsinB
sothat, i, = 4sin & + 4sin fcosd5° + 4cos fsind5°
but sin45° = cos45° = I/
$0, ip = 4sin @ + 4(ly)sin 8 + 4(Y/p)cos 6
ip = {4+4(}yy)}sin 6 + 4(Myp)cos 6
i, = 6.8284271sin § + 2.8284271cos 6

We can now express this as a single waveform by using the formula
Rsin(@ + a) = Rsinf cosa+ Rcosfsina.
So, 6.8284271sin 6+ 2.8284271cos 6= Rsinf cosa + Rcosé sina.

Compare the coefficients of sin # and cos 6.
Rcosa=6.828427] ——(1) and Rsina=2.828427]1 ——(2)
so that, if we square and add equations (1) and (2) we have
R2cos?a + Rsin2a = 6.82842712 + 2.82842712
R2(cos?a + sin2a) = 54.627417 but cos2a + sin2a=1.
So that, R2 = 54627417
R = 7.4 to one decimal place.
Equation (2) divided by (1) gives Rsing = 2.828427]
Reosa 6.8284271
but tang = 50t/ 0
50, tana = 2.8284271 a= 225°
6.8284271
so, i, =7.4sin (6 +22.5°).
i, is a sine wave with an amplitude of 7.4. It leads the sine wave for 7.4sin 6
by 22.5°,
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Example §
Two sine waves, i and i,, are given below.
i; = 3sin 6 and i; = 7sin (8- 30°)
Find the resultant waveform i,.

We can do this algebraically by adding i, and i, as follows,
ir = 3sin & + 7sin (6-30°)
We use the double angle formula to expand i,,
sin(A - B) = sinAcosB - cosAsinB
so that,
i, = 3sin & + 7sin fcos30° - 7cos Hsin30°
iy = 3sin @ + 7(¥B)sin & - 7(1;)cos 6
ip = {3+7(Bp)}sin & - 7(1x)cos &
ip = 9.0621778sin & - 3.5cos @

We can now express this as a single waveform by using the formula
Rsin(@ - @) = Rsinfcosa - Rcosfsina.
So, 9.0621778sin @- 3.5cos = Rsinfcosa - Rcosfsina.

Compare the coefficients of sin # and cos 6.
Rcosa= 9.0621778 ——(1) and Rsina=3.5 ——(2)
Square and add (1) and (2) as before,
R2(cos?a + sin2a) = 9.06217782 + 3.52
R2=9,06217782 + 3.52 _
R =9.7 to one decimal place.
Equation (2) + (1) gives tana=__ 3.5 a=21.1°
9.0621778
so, i, =9.7sin (6 - 21.1°).
i, is a sine wave with an amplitude of 9.7. It lags behind the sin 8 curve by
21.1°.

Try this exercise, then check your answers with those at the end of the unit.

Exercise E

Using an algebraic method, find the resultant waveform in each case. Give
all answers correct to one decimal place.

1. Ssin @ + 6sin (6+ 60°)

2. 2sin @ + 3sin (6-45°)

3. 4sin @ +sin (6+ 15°)




Maths Xtra: Addition of Waves, Periodic Motion & Modelling
IyM.M&H.I-u

The result of two waveforms may also be found by sxmply drawing the graphs
and adding them together, or by completing a table of values as shown below.
Study this example.

Example 6
Two sine waves, i; and i,, are given below.
iy = 5sin @ and i, = 5sin (6+ 30°)

Using a table of values, find the resultant waveform i,.

We list the values for i; and i,, then add them together to find i,.

{ N
[ 0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330° 360°
Ssin 8 0 25 433 5 433 25 0 25 433 5 433 25 0
5¢in 6+30° 25 433 S5 433 25 0 25 433 -5 433 25 0 25
ir 25 683 933 933 683 25 -25 68 933 933 683 -25 25 |

We can see from the table that the turning points for the graph must be half

way between 60° and 90° and half way between 240° and 270°. We can find
these using a calculator.

Calculator: 8§ x 75 sin+ 5 x (75 + 30 ) sin = 9.659258
Calculator: S5 x 255 sin + 5§ x (255 + 30 ) sin = -9.659258

When 6=75°, i, =9.66. When 8= 255°, i,=-9.66.

The graphs are sketched below.

1o The values to be plotted for the
» resultant curve cxn be found by
10 adding the height of the curve
7N Sgin (6+ 30°) to that of Ssin & for
/ \ each value of 6.
5y, , - If these are drawn on graph paper it
N / can be done by simply counting
e o r—r -> §  squares and adding them together.
\ , For example count the number of
N 7 squa™ss to find the height of
\ / Ssin (6+ 30°) at 6= 30°, Do the
o same for Ssin Hat 6= 30° and add
=10 1 them together so that the new point
can be plotted.
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Try this last exercise.
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Exercise F
Repeat the questions in Exercise E but this time find the equation of the

resultant wave form by adding together the graphs of each curve.

1
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Answers
Exercise A One complete cycle,

Exercise B

x 0° 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330° 360°
cos’ x 1 075 025 0 025 075 1 075 025 0 025 075 1

o‘#
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Answers
Exercise C
1. ™/ or 1.57 seconds

27/s or 1.26 seconds

2
3. 8n or25.13 seconds
4. 16m or 50.27 seconds

Exercise D
1. a) 6amps

b) %/ or 1.57 seconds

c) 0.64 Hz.

d) 7/4radians lagging behind 6 sindt
2. a) 15amps

b) 4= or 12.57 seconds

¢) 0.08 Hz.

d) %/gradians leading 15 sin0.5¢
3. a) 1.3amps

b) 1 second

¢) 1Hz

d) %/, radians lagging behind 1.3 sin2xr
4. a) 0.8amps

b) 0.4 seconds

¢) 2.5Hz

d) %/, radians leading 0.8 sinSnz
5. a) 25amps

b) =or3.14 seconds

¢) 032Hz

d) 0.15 radians lagging behind 25sin 21

Exercise E and F
9.5sin (6+ 33.0°)
4.6sin (8- 27.2°)
5.0sin (6+ 3.0°
9.8sin (8- 31.7°)

00N




