MATHS X¢ra

Unit 22

Radians

Objectives
On completion of this unit you should understand:

1. Angular measure in degrees and radians.
2. Conversion of degree measure to radians and vice versa.

3. Use the relationship s = r8 for the length of an arc of a circle.

L A=1(r2g)
4. Use the relationship 2 for the area of a sector of a
circle.

— 1. 20 _ i
5. Use the relationship 4= 2" (6 —sin®) for the area of a

segment of a circle.
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Maths Xtra: Radians
By M. Cook & H. Rimumer

Angular measurement

We need to consider an angular measurement as a rotation. Half a revolution
in an anticlockwise direction is 180°. A quarter of a revolution is 90°. A -
complete revolution is 360°. We can continue in this way. For example two
complete anticlockwise revolutions would then be 360° x 2 = 720°.

180° 360°
N /2 WY
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In a similar way we say that a clockwise rotation of one complete revolution
is -360°. Half a clockwise revolution is -180° and so on.

> —s
o ¢/
-180° -360°
Study this example.
Example 1

Write the number of degrees represented by,
a) 114 revolutions in an anticlockwise direction,
b) 2.5 revolutions in a clockwise direction.
a) 11 revolutions in an anticlockwise direction = 11/, x 360° = 540°,

b) 2.5 revolutions in a clockwise direction = 2.5 x -360° = -900°.

Try this exercise.

Exercise A

Write the number of degrees represented by the following rotations.
1. 3 revolutions anticlockwise.

2. 1.5 revolutions clockwise.

3. 2.5 revolutions anticlockwise.
4. 5 revolutions anticlockwise.

5. 11 revolutions clockwise.

6. 13 revolutions clockwise.

7. 0.75 revolutions anticlockwise.
8. 4 revolutions clockwise.

9. 21y revolutions clockwise.

1

0. 33y, revolutions anticlockwise.

Check your answers with those at the end of the unit.
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Each degree can be divided into 60 minutes. We can write this as 60'.
Study this example.

Example 2
Convert 45.5° to degrees and minutes.

If there are 60' in each degree, then 0.5° = 30".
45.5° =45° 30",

This can be done using your calculator.

There is a button which looks like this °* *'.

Calculator: 45.5 INV °'" 45°30°0
We write this as 45° 30'.

| The final figure in the calculator display is seconds. There are 60 seconds in
each minute. We could write 45° 30' 0",

Example 3
Using your calculator convert 37° 27' to degrees.

Calculator: 37 ©°'" 27 °'" 3745
37° 27 = 37.45°.

Try this exercise using your calculator.

Exercise B

Convert the following to degrees and minutes.
138.7°

168.4°

39.45°

18.2°

-312.99°

nvert the following to degrees. Give answers correct to 2 decimal places.
19° 55'

25°52

33° 15

239° 35

29° 47
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Check your answers with those at the end of the unit.
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The relationship between degrees and radians
We have already measured angles in degrees. There is a second way of
measuring an angle. This method involves the use of the radian.

A radian is the angle subtended at the
centre of a circle by an arc of length 7,
where 7 is the radius of the circle.

We write 1¢,
This means 1 radian.

The circumference of a circle is 2nr.
The number of radians in one complete revolution is therefore

2nr = 2 radians.
T
This means that
2nc = 360°
and
ne = 180°.
Study these examples.
Example 4
Convert 30° to radians.
180° = mc
S0, 1° = g radians
180
30°=30xz = 30xm=
180 180
=1xmn
6
= 7 radians.
6
We call this 'n by 6'.
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Example §
Convert -270° to radians.
180° = xc
S0, 1° = =& radians
180
270°= 270 x ® =270 x =n
180 180
=-3J X7
2
= .37 radians.
2
3, is left as a 'top heavy' fraction. We call -3%,, ‘minus 3= by 2'.
Example 6
Convert 43° to radians.
180° = m&c
S0, 1° = g radians
180
43° =43 x © = 43 xn
180 180

43 + 180 cannot be cancelled into a simple fraction, so we use the calculator
and find that to three significant figures, 43° = 0.750¢.

Try this exercise.

Exercise C

Convert each of the following to radians. Express answers as a fraction of .
1. 60° 4. -10° 7. -150°

2. -45° 5. 90° 8. 210°

3. 20° 6. 720° 9. -330°

Using your calculator express each of the following in radians, correct to 2
decimal places.

10. 339° 13. 34° 16. 420°

11. -221° 14. -56° 17. -331°

12, -23° 15. 99° 18. 17°

Check your answers with those at the end of the unit.
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We shall now convert radians to degrees in a similar way.
Study these examples.

Example 7
Convert 7/,¢ to degrees.

nc = 180°
lc= 180 degrees
T
nc =180 x n = 90°
2 14 2

Example 8
Convert =37/,¢ to degrees.

nc = 180°
lc= 180 degrees

T
-3nc =180 x -3z = -270°.

2 T 2
Example 9
Convert 3.185¢ to degrees. Answer to one decimal place.
nc = 180°
lc= 180 degrees
n
3.185¢ =180 x 3.185 = 182.5°.
T
Try this exercise. N
Exercise D

Convert the following radians to degrees. Answer to one decimal place
where appropriate.

1. =uc ‘ 6. Smuc
2. mec 7. =Tmye

3. “"2mpsc 8. 2nc

4. 0.567¢ 9. -3.599¢
5. -4.523¢ 10. 2.709¢
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Length of the arc of a circle

The length of the arc is represented by s.
The arc subtends an angle @in radians at
the centre of the circle.

The circumference of a circle is 2nr.

One complete revolution is 2n°.
* So,
L=

2r  2nmr
and,
s=ré
where @is measured in radians.
Study these examples.
Example 10

Find the length of the arc of a circle, radius 4cm. if the arc subtends an angle
of 0.73 radians at the centre of the circle.

Using s =1ré
s= 4x073
s = 2.92cm.
Example 11

An arc, length 2.7cm. subtends an angle & at the centre of a circle, radius
Scm.
Find the value of 6.

Using s =ré
27=5x26
6 = 2.70 = 0.54¢,
5

Example 12
An arc, length 7.8cm. subtends an angle ¢ at the centre of a circle, radius

rcm. Find the value of r to one decimal place.

Using s=ré

78=r x %
r=78 = 149m.
L7




Now try the following exercise.

Exercise E
Give answers correct to 2 decimal places.

1.

2.

3.

Find the length of the arc of a circle of radius 6cm. if the arc subtends an
angle of 0.33 radians at the centre of the circle.

Find the length of the arc of a circle of radius 10cm. if the arc subtends
an angle of ™/ radians at the centre of the circle.

Find the length of the arc of a circle of radius 10ncm. if the arc subtends
an angle of 75 radians at the centre of the circle.

An arc, length 8.7cm. subtends an angle @ at the centre of a circle of
radius 15cm. Find the value of 6.

An arc, length 2.4cm. subtends an angle & at the centre of a circle of
radius 9cm. Find the value of 6.

An arc, length 12.8cm. subtends an angle /3¢ at the centre of a circle of
radius 7cm. Find the value of 7.

An arc, length 10.8cm. subtends an angle 2%/ at the centre of a circle of
radius 7cm. Find the value of 7.

Check your answers with those at the end of the booklet.

Area of a sector of a

circle

The area of the sector, angle @ is represented
by A.

The area of a circle is nr2.

One complete revolution is 27c.

‘\ So,
\x 6 =A
2n w2
and so,
A = 1r20
2
where @is measured in radians.

Study the examples on the next page.
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Example 13
The radius of a circle is 4m. Find the length of the arc and area of the sector

which has an angle at the centre of 57°, Give answers correct to two decimal
places.

Note that since the angle is not given in radians we must first convert it, since
the formulae require the angle to be in radians.
57° = 0.9948376¢
s =r@
= 4 x 0.9948376
3.98m.

A = 1126
2
=1, x 42 x 0.9948376

= 7.96m2.

Example 14
A sector of area 45mm2. subtends an angle of 60° at the centre of the circle.

Find the radius of the circle to two decimal places.

We change degrees to radians first.
60° = m/; radians
A = 1r6
2
45 =15 x r2 x 7w,

rl= ﬂé

I X %

r=f_45
I, x %

Calculator: 45 + (183 2 x ( = + 3 ))= v 9.2705808

r = 927mm.
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Example 15

An arc of a circle subtends an angle & at its centre. The length of the arc is
5ncm. and the area of the sector subtending angle @is 45ncm?. Find the
radius of the circle, r, and the value of 6.

The length of the arc is given by,
s =r@
so, Sn=ré (1)
The area of the sector is given by,
A = 1r260
2
so, 45n= 1r260 (2)
2

We can substitute for 76 from equation (1) into equation (2).
45n =1 xr x 5=
2
Multiply both sides by 2,
On=rx Sz
S0, r = 90n
Sn
r =18cm.
We can now find 6.
s =ré
S5n =18 x @
6@ = 5z = 0.873c to three significant figures.
18

_Try this exercise.

Exercise F
In each case, A represents the area of a sector subtending an angle 6. The
length of the arc is s and the radius is r. Find the missing items in each case.

Answer to three significant figures, where appropriate.

A 6 s r
1. ? 0.621c ? Scm.
2. ? 60° ? Im.
3. 207tcm2, /3C ? ?
4. 27m?2, ? Sm. ?
5. ? L Smjsem. ?

Check your answers with those at the end of the unit.

10
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Area of a triangle

You should already know one formula for calculating the area of a triangle.
Area = ] x base x perpendicular height

2

There is another formula which can be
useful if two adjacent sides and the
angle between them is known.

The angle can be given in degrees or
radians. If the angle is given in

C radians you must switch your
calculator to RAD mode, MODE 5.
Remember to switch it back to DEG
(degrees) MODE 4 if the next

Smdy this dnagram. question has the angle given in
Area of triangle = labsinC a degrees.
2
or, b
Area of triangle = ]bcsinA
2 B
or, -
Area of triangle = lacsinB i
2

Example 16
Find the area of the triangle shown in the diagram above, if, a = 6cm.,
b = 8cm. and angle C = 1.4c,

Area = labsinC
2
The area of the triangle = 1, x 6 x 8 x sin 1.4¢

The angle is given in radians, so you need to switch your calculator to radian
mode. This is usually MODE 5.

Calculator: 1 + 2 x 6 x 8 x 14 sin = 23.65079%

The area of the triangle is 23.7cm?2. to one decimal place.

Try this exercise.

Exercise G
Find the area of each of the following triangles. Give your answers correct to
the nearest whole number.

a b c A B C
1. Smm. 4mm. 35°
2. 62m. 5.3m. 1.12¢
3. 12.3cm. 9.8cm. 38°
4, 1.5#t. 2.6ft. 71°
5. 3.9cm. 2.8cm. 0.471¢c

Check your answers with those at the end of the unit.
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Area of a segment

minor segment
major segment
chord, which is dividing the circle into a
major segment and a minor segment.
Diagram 1 Diagram 2

Diagram 1 shows a circle divided into two segments. It can be seen from
diagram 2, that, the area of the minor segment is the area of the sector, AOB
minus the area of the triangle AOB. If we use the formula for the area of a
triangle given on the previous page, a = r and b = r, so we have,

Area of segment = 1720 -1 xrxrxsiné = 1r20 - 1r2siné

2 2 2 2
Area of segment = %rz(ﬂ - sinf) R —
Study this example.
Example 17

Using diagram 2 at the top of the page, find the area of the minor segment if
@1is equal to ™/, radians and r is equal to 4cm.

Area of segment = 1r2(0 - sinf)
2
Area of segment = 1x42 x (%, - sin®)
2
Switch your calculator to RAD mode.
Calculator: 0.5 x 4 x2 x (n+4-(n+4) sin) = 0.626331
The area of the segment is 0.626cm?. to three significant figures.

Try this short exercise.

Exercise H

Using diagram 2, find the area of the following segments, to 3 sig. figs.
1. r=5cm. =12 3. r=8cm. 0=193¢

2. r=10m. =092 4. r=%m. 6=30°

Check your answers with those at the end of the unit.
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Study this last example.

Example 18

The diagram shows
two circular drive
wheels centres G
and J, radii 20cm.
and 80cm., which
touch at a point H. A

c fan belt ABCDEF is
stretched round the
wheels as shown.
Note that the fan
belt is a tangent to
each of the circles,
s0 is at 90°, (7/,°), to
the radii.

AG = 20cm.
BJ = 80cm.
s0, BK = 60cm.

FIC is a line of symmetry.

Find,
a) AB,
b) the length of the fan belt in contact with the small wheel to 1 d.p.,
c) the length of the fan belt in contact with the large wheel to 1 d.p.,
d) the total length of the belt to three significant figures.

a) Using triangle ABK,
by Pythagoras, AB = 80cm.

b) cos 8= 60
100
so @ =0.9272952 radians.
Store this in the calculator.
Arc AF = r@
= 20 x 0.9272952 As AK i parallel to GJ,
= 18.545904cm. Angle AKB = angle GJK = angle FGA = 8
Arc EFA = 18.545904 x 2
= 37.091809cm.

¢) a=2n - @ = 53558901
ArcBC=rx a = 80x5.3558901 = 428.47121cm.
Arc DCB = 428.47121 x 2 = 856.94241cm.

d) Total belt = AB + arc AFE + ED + arc BCD = 1054.0342¢m.
= 1050cm. to three significant figures.
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Try this final exercise.

Exercise I

1. A model railway track is laid in the formation of two circles, centres A
and B as shown. The distance between the centre of the circles is 15m.
Each circle is radius 10m. Shrubbery is to be planted in the shaded area.

Radii,
AC = CB = 10m.

Distance between centres,
AB = 15m.

Find, to 3 significant figures,

a) the length of CD,

b) angle CAD in radians,

¢) the area of the sector CAD,

d) the area of the triangle CAD,

e) the area of the minor segment of the circle centre A,
f) the area to be planted with shrubs.

2. A child's toy truck is driven by a chain round two cogs as shown. The
cogs have radii 5cm. and 12cm. The centres of the cogs are 20cm. apart.

Calculate, to 3 significant figures,
a) AB,
b) angle 6, in radians,
c) the length of the chain
in contact with the
smaller cog.

cog radius 12cm.

Check your answers with those at the end of the unit.

14




Answers
Exercise A
1080°
-540°
%00
1800°
-450°
-630°
270°
-1440°
-810°
0. 1350°
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Exercise B
138° 42'
168° 24'
39° 27
18° 12
-312° 59
19.92°
25.87°
33.25°
239.58°
0. 29.78°

210,00 =3 O\ A B 3 D g

Exercise C

I/JG

=/ 4¢

%, 9C

“I/l‘C

t,zc
4ne

0”/ ‘0

7‘3, 60

llx; ‘c
5.92¢
-3.86°
-0.40¢
0.59¢
-0.98¢
1.73¢
7.33¢
-5.78¢
0.30¢

il L o S L

et e et bt et Bt bk e et \D
O3 OV O Tl 6. ¢

Maths Xtra: Radians

By M. Cook & H. Rimumer

Wb W

bl o ol o

—t
.

ol ol -

A =7.76cm?.
A=0.524m?,
s=11.5cm.
r=10.8m.
r=5cm.

.;5[.

6mm?2,
15m2,
37cm?,
2ft2,

£y

3.35cmz2,

.

31.8cm?.

Exercise I

a) 132m.
¢) 723m2
e) 22.7m3.
a) 18.7cm.
c) 12.1cm.

s=3.1lcm.

s=1.05m. or (*;)m.

r=11.0cm.
0= 0.463¢
A =6.54cm?.

b) 145
d) 49.6m?.
f) 453m2
b) 1.2l




